Introduction.
In [1] Bryant, Bryce and Hartley showed that the formation generated by a finite soluble group contains only finitely many subformations. In this paper we show that the same result is true for a finite group which is an extension of a soluble group by a non-abelian simple group. We refer the reader to [1] and [2] for notation and definitions relating to formations. If E is a class of finite groups we write Form (E) for the formation generated by Z and note that Form (E) = QRo (E). If G is a finite group then every group in Form ( G ) is isomorphic to a quotient of a subdirect subgroup of the direct power G n for some positive integer n. THEOREM 1.1. Let G be a finite group. Suppose G is an extension of a soluble group by a non-abelian simple group T. Then Form (G) contains only finitely many subformations. 216 A finite group A is called formation critical if the formation generated by those proper factors of A which lie in Form (A ) does not contain A. Every formation is generated by those formation critical groups contained within it (see [ 1 ] ). As in [ 1 ] 
It is perhaps worth remarking that there exists a group G which is formation critical and is such that G/R(G) is isomorphic to the direct product of two copies of a non-abelian simple group. For example take G to be the central product of two copies of the special linear group SL (2, 5) . See the last part of [ 1 ] for details. Section 2 will contain some necessary preliminaries and section 3 the proofs of 1.1.1 and 1.2. It would be of considerable interest to know whether Theorem 1.1 holds for an arbitrary finite group G. But even very special cases seem to be difficult. We have unsuccessfully tried to extend 1.1 to the case where G is a finite extension of a soluble group by the direct product of two or more copies of T or to the case where G is a finite group possessing precisely one non-abelian composition factor.
Preliminaries.
Consider the direct power G n where G is a finite group and n is a positive integer. Let Gi denote the subgroup of G n consisting of all elements with the identity in the j-th position for all j ~ i, and let be the i-th projection homomorphism. Identify Gi with G (1 ~ i ~ n). Let PROOF. This is well known.
The following result is the key to the development.
LEMMA 2.3. Let A be a finite group which is generated by the subgroup H together with normal subgroups Nl , N2 , ... , Nn . Suppose 9 ... 9 N;r(n) = 1 holds for every permutation 7l of I = f 1 2, nl. We shall also need some notions from the theory of varieties. The necessary elementary notation and results can be found in chapter 1 of [4] . In particular we shall need the following facts.
(i) The free groups of finite rank of the variety generated by a finite group are finite ([4] , 15.71).
(ii) If m is a positive integer, any m-generator group in a variety is isomorphic to a quotient of the free group of rank m of the variety ([4] , 14.23).
Thus the order of any m-generator group in the variety Var (G) generated by a finite group G is bounded by the (finite) order of the free group of rank m of Var (G).
The main result.
We shall now embark upon the proof of 1.2. The proof is long and proceeds via several lemmas. Let G denote a finite group which is an extension of a soluble group by a non-abelian simple group T. Let A be a formation critical group in Form (G). Throughout the proof, for any finite group H, R(H) denotes the soluble radical of H. We need a lemma which gives an important property of So.
LEMMA 3.3. So is a subdirect subgroup of G n .
PROOF. Let i E {1,..., n } and let 9 be an arbitrary element of Gi .
We need so E So such that = g. Let 3z denote the natural projection homomorphism of (G/V(G))n onto the i-th factor.
is subdirect there exists Po E 80 such that Thus g = Jli(PO)V for some v E V(Gi). Now V(S) is a subdirect subgroup of (V(G))n and V(S) ~ S rl (V(G))n ~ So. Thus (V(G))n and so So fl (V(G))n is a subdirect subgroup of (V(G))n . Hence 
